We compute finite coupling correction to a nonlinear second order hydrodynamic coefficient in the boost invariant expansion of the N = 4 supersymmetric Yang-Mills plasma. The result is universal for a large class of strongly coupled four dimensional conformal gauge theories.
Introduction and summary
It is common to model the boost-invariant expansion [1] of the strongly coupled (relativistic) quark-gluon plasma (sQGP) produced in heavy ion collisions at RHIC in the framework of Mueller-Israel-Stewart theory (MIS) [2, 3] . One often further approximates sQGP dynamics in the relevant regime as that of a conformal theory. For a four-dimensional viscous conformal plasma undergoing boost-invariant expansion, MIS theory predicts the evolution of the energy density ǫ(τ ) and the component of the viscous flow Φ(τ ) as (see [4] )
where the two phenomenological parameters are: η ∝ T 3 , the plasma shear viscosity, and τ Π ∝ T −1 , the plasma relaxation time.
To a large extent motivated and guided by the gauge theory/string theory correspondence of Maldacena [5, 6, 7] , Baier et.al [8] and Bhattacharyya et.al [9] recently formulated a complete theory of the second order relativistic viscous hydrodynamics of conformal fluids. In this theory, the MIS linearized equations governing the boostinvariant expansion (1.1) are modified by the inclusion of a new term, quadratic in the component Φ of the viscous flow:
where λ 1 ∝ T 2 is a new second order hydrodynamic coefficient. An important observation of [8, 9] was that for the N = 4 supersymmetric Yang-Mills plasma (SYM), and in fact for all (infinitely) strongly coupled conformal gauge theory plasmas, allowing for a dual string theory description, λ 1 = 0. Moreover, for the near-equilibrium dynamics 1 (where one can reasonably apply hydrodynamics at all) the nonlinear term in (1.2) is equally important to τ Π terms of the MIS theory, introduced to restore causality in first-order hydrodynamics. As reported in [8, 9] , and for the shear viscosity in [11] , any (infinitely) strongly coupled four-dimensional conformal gauge theory plasma (with a string theory dual) has
where s is the entropy density.
The finite coupling corrections to η/s and τ Π T for N = 4 SYM plasma were computed in [12, 13, 14, 15, 16] and [18] : where λ is the gauge theory 't Hooft coupling. It was proposed in [19] 2 that corrections (1.4) are universal for all four dimensional conformal gauge theory plasmas (with equal a and c central charges) that allow for string theory duals. Similarly, within the same class of conformal plasmas, the finite coupling correction to λ 1 is universal.
In this paper we report the (universal) finite coupling correction to λ 1 . We find
Given (1.4) and (1.5) we have now a complete set of universal phenomenological parameters describing boost-invariant expansion of conformal gauge theory plasmas at finite 't Hooft coupling. We hope these results will prove useful in numerical hydrodynamic simulations of RHIC (and LHC) nuclear collisions.
The computations are quite technical, so we present only relevant steps and for the details refer the reader to previous work on the subject. We rely on the pioneering work of Janik and Peschanski [21] (and important further developments in [22, 23, 24] ) which sets up a to study boost invariant expansion of a gauge theory plasma in a dual string theory setting. We use notations and results (often without quoting them here due to their technical nature) of [15] . Some further technical details appear in Appendices A and B, and supplemental data is available as [25] .
We would like to comment on the issue of singularities in the Janik-Peschanski framework. To extract λ 1 we need to go to the third order in the late proper time expansion of the dual string theory background [24, 8] . This is the first time where the singularities of the dual background geometry can not be completely removed by appropriately adjusting the hydrodynamic parameters [24, 26] . Specifically, appropriate hydrodynamic parameters will remove all the pole singularities in the curvature invariants in the late time expansion, but the logarithmic singularities will persist in quadratic (and higher order) Riemann tensor invariants. It was understood in [27] (also independently in [28] ) that a singular proper time redefinition in the bulk will remove all the singularities identified in [24, 26] . Since such proper time redefinition has only a logarithmic singularity, it can not affect the condition for the absence of pole singularities which determines the hydrodynamic parameters. Thus, we are justified to use the original framework of Janik-Peschanski to extract λ 1 .
Given the complexity of the computations, we feel that an independent check on the analysis is important. Thus, while computations in Secs. 2-4 are done in the Janik-Peschanski framework, in Sec. 5 we reanalyze boost-invariant expansion of a conformal gauge theory plasma in singularity-free approach of Kinoshita et al [28] .
Both approaches lead to the same value of λ 1 .
Janik-Peschanski dual to a boost invariant plasma expansion
The framework to study string theory duals of boost-invariant plasmas was proposed in [21] . Here we closely follow notations and analysis in [26] and [15] . Most details
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(including the description of the computational framework) are omitted due to their technical nature and the fact that they have already been explained in [15] .
The string theory background holographically dual to a Bjorken flow of the N = 4 plasma takes the form [21, 26, 15] 
where (dS 5 ) 2 is the line element for a 5-dimensional sphere with unit radius, and
2) 3 The details of the analysis are available from the authors upon request.
where dx
where ω S 5 is the 5-sphere volume form. Moreover, the dilaton is φ = φ(τ, z).
Equations of motion for the metric warp factors and the dilaton are solved as a series expansion in the late proper time τ → ∞, but exactly in the scaling variable [21] 
Specifically,
is the leading string theory α ′ -correction to type IIB supergravity. As argued in [16] , [17] , the five-form is not corrected to this order.
Solutions for the background warp factors {a i , b i , c i }, i = 0, 1, 2, 3 were obtained in [24] ; the leading string theory α ′ -corrections, up to the second order, {â i ,b i ,ĉ i ,α i ,φ i } with i = 0, 1, 2, were discussed in [15] . In the next section, we extended the analysis of [15] to the leading string theory α ′ -corrections to the supergravity background at the third order, i.e., forâ 3 ,b 3 ,ĉ 3 ,α 3 ,φ 3 . 4 We normalize the five-form flux so that the asymptotic AdS radius is one.
3 Equations of motion and solutions for {â 3 ,b 3 ,ĉ 3 ,α 3 ,φ 3 }
We obtain equations of motion (including the constraints) at the third order forâ 3 ,b 3 , c 3 ,α 3 ,φ 3 , extending the analysis in [15] . All the equations must be solved with the boundary conditions
We find the following set of equations for the next-to-next-to-next-to-leading order in the late proper time expansion at order O(γ)
0 =ĉ
0 =φ 8) where the source terms {S (3,1) · · · , S (3, 7) } are given in [25] . While the system (3.2)-(3.8)
is overdetermined, we explicitly verified that it is consistent. − , and then solve just for those combinations of fields.
We assume that 9) and evaluate background curvature invariants to order O(γ) near
We use explicit solutions at lower orders, as well as equations of motion for the second and the third order to eliminate the derivatives (if possible) of
from the curvature invariants (see [15] for details).
For the Ricci scalar we find 
From (3.12) we find that the Ricci scalar of the string theory geometry does not have pole singularities as x → 0 + when 13) which are precisely the conditions found from the nonsingularity of the Riemann tensor squared [23, 24] , as well as higher curvature invariants [26] , in the supergravity approximation to the string theory dual of the N = 4 SYM Bjorken flow. The difference here (compare to [23, 24, 26] ) is thatη 0 and C 0 are already fixed by requiring the nonsingularity of the Ricci scalar.
While the pole singularities in the ten dimensional Ricci scalar are removed, given (3.13), the logarithmic singularity still persists. A similar observation was made at the supergravity level for the Riemann tensor invariants in [24, 26] . We expect that the remaining logarithmic singularity is removed by an appropriate change of variable [27, 28] .
A bit more work is necessary to determine the nonsingularity condition of the Riemann tensor squared at order O(γ). Generalizing the notation of [26]
(3.14)
Explicitly we find: 
where {Q 1 , · · · Q 8 } are given in Appendix B. Appendix B also contains explicit expressions forâ [15] , and the equation of motion forâ 3 . As in the case ofα 2 , although we can not explicitly solve forα 3 , we can argue thatα 3 (v) can be chosen to be finite (along with its first derivative) as v → 3
− , while having a vanishing nonnormalizable mode as v → 0 + .
We now have all the necessary ingredients to determineη 1 , C 1 from the nonsingu-
(v) : using results of Appendices A and B, as well as (3.13), we find
The residues of all pole singularities in (3.17) vanish provided
where we kept explicit dependence on δ 1 , δ 2 inη 1 and C 1 (as determined by the vanishing of the residues of the poles in (3.17) up to order three inclusive); the vanishing of the residues of the second order and the first order poles in (3.17) determines δ 1 and δ 2 .
As for the Ricci scalar (3.12), the logarithmic singularity in the Riemann tensor squared at the third order in the late-time expansion, (3.17), remains. This remaining 5 The value ofη 1 agrees with the one determined from the nonsingularity of the second order late-time curvature invariants in [15] .
singularity has both the supergravity piece (in agreement with [24] ) and the new O(γ)
contribution.
Notice that whileη 0 , C 0 (3.13) are determined unambiguously from the nonsingularity condition of the background geometry, the absence of singularities is not a powerful enough constraint to fix C 1 6 . This fact will not preclude us from computing a definite value of non-linear second-order hydrodynamic coefficient λ 1 .
Analysis of the square of the Ricci tensor can be performed in the same way as for the Riemann tensor squared. We find
where we explicitly indicated the dependence on order three fields; as before, · · · indicate lower orders in the late time expansion studied in [15] . We pointed out above thatα 3 (v) can be chosen to be finite as v → 3
1/4
− ; this would guarantee the absence of pole singularities in R µν R µν to orders O(τ −2 ) and O(γ).
Higher order curvature invariants
As in [26] we denote 20) where
We further define higher curvature invariants I [2 n ] , generalizing (3.14):
Given the complexity of the analysis, we checked at order O(τ −2 ) only the nonsingularity of I [4] . Using the results of the Appendices A and B, as well as (3.13) and (3.18), we find
The supergravity part of the logarithmic singularity in (3.23) agrees with the corresponding computation in [26] .
4 λ 1 for the Bjorken flow of N = 4 SYM plasma
In the previous section we analytically evaluated α ′ -corrected supergravity background dual to the Bjorken flow of N = 4 SYM plasma at finite coupling to order O(τ −2 ) in the late proper time expansion. We can now extract the boundary energy density ǫ(τ ) from the one-point correlation function of the boundary stress energy tensor using the α ′ -corrected holographic renormalization developed in [29] . We confirmed that the final expression for the energy density can be evaluated as in the supergravity approximation [21, 23, 26] :
Using the results of the lower orders in the late proper time expansion [15] , the details presented in Appendices A and B, (2.5), (3.13) and (3.18) we find
864π 2 12 + 24 ln 2 + γ (2δ 1 ln 2 + δ 1 + 7086 + 4212 ln 2)
The string theory result (4.2) should now be interpreted within second order relativistic conformal hydrodynamics [8, 9] . For the Bjorken flow of the N = 4 SYM plasma we expect [8] 
7 Despite the fact that at order three δ 1 and δ 2 are fixed (see (3.18)), we keep them arbitrary to compare with [15] . As in [15] , the dependence on δ i disappears in physical quantities.
where C is an arbitrary scale, related to the initial energy density of the expanding plasma.
To match the string theory result (4.2) with (4.3) we need to recall the equation of state for the N = 4 SYM plasma [30] 4) and the N = 4 SYM relaxation time τ Π [18]
Ultimately, we find:
Notice that the ratio of shear viscosity to the entropy density agrees with the results reported in [12, 13, 14, 15] , and the supergravity part of λ 1 agrees with computations in [8, 9] .
Computation in the framework of Kinoshita et al
In this section we compute the finite coupling correction to λ 1 by using the framework of Kinoshita and collaborators [28] for finding the holographic dual of an expanding plasma (see also [27] ). We will work with the five-dimensional action
where C abcd is the five-dimensional Weyl tensor. The use of this action was justified in [20] , where it was also shown that it leads to universal finite coupling corrections to hydrodynamic coefficients. The holographic dual to the Bjorken flow of the CFT plasma is taken to be [28] of the form
Plugging this form for the metric into the Einstein equations of motion, one can find the functions a(t, r), b(t, r), c(t, r) order by order in a late-time expansion as before:
where v ≡ rt 1/3 , u ≡ t −2/3 . In [28] these functions were explicitly computed:
(5.5)
(5.6)
Both ξ 1 and ξ 2 are gauge degrees of freedom which can be set to a convenient value. In what follows we take ξ 1 = −1 and leave ξ 2 arbitrary as a cross-check on our calculations.
As explained in [28] , the energy momentum tensor of the plasma can be read off from the function a(t, r), by expanding the function a(t, r) in the large r limit. More concretely,
Performing this expansion in the above solution to a(t, r) leads to
This is to be equated with the hydrodynamic expansion for ǫ(τ ), 9) leading to the identifications
These constants are in turn fixed by imposing regularity of the function c(t, r) [28] . An expansion of this function around v = w has a simple pole, unless we set
Finally, the hydrodynamic coefficients are obtained by the relations
We now want to compute γ corrections to these by using the γ corrected action (5.2). Since it is not practical to find the equations of motions from the action (5.2),
we will work in an effective action framework, as in [15] . To do this, first notice that in the metric (5.3) there are two implicit constraints, namely
It is not correct to impose these constraints at the level of the action. They should only be imposed on the equations of motion. Therefore we modify the metric (5.3) to:
We further substitute
and evaluate the action (5.2) on the modified metric. A few comments are in order:
• One only needs to evaluate the action to linear order in g, h.
• It is sufficient to compute W to linear order with respect to each and every field a,b,ĉ, g, h, meaning no mixed terms such asâb, gĉ can appear in W .
• Since we are interested in computingâ,b,ĉ to quadratic order in u, it is sufficient to evaluate W to linear order in a 2 , b 2 , c 2 and quadratic order in a 1 , b 1 , c 1 .
Variation of the action S = S(â,b,ĉ, g, h) with respect to the various fields lead to the equations of motion δS δâ(t, r) |g,h=0 = 0 , δS δb(t, r) |g,h=0 = 0 , δS δĉ(t, r) |g,h=0 = 0 , After finding these equations, one expandsâ,b,ĉ to quadratic order in u, exactly as it was done for the unhatted quantities. This leads to a set of equations for the hatted quantitiesâ i ,b i ,ĉ i , i = 0, 1, 2.
Order -0
It will be convenient to perform the change of variable y ≡ w/v. In terms of this coordinate the equations of motion areb
The solution of this system of equations is straightforward. Imposing the boundary Expanding a 0 (y) around y = 0 and taking the coefficient of y 4 we see that this solution modifies ǫ 0 at order γ by some undetermined constant A 0 1 , which will however not affect any of the physical results as we will see.
Order -1
The equations of motion are exactly the same as before (5.17), performing the replacement 0 → 1 in the indices of functions and sources. The solutions are now: The constraint equations now imply A contribution. This implies that to this order the energy density is now given by 20) with M 1 given by (5.11). Now, in the late time regime we assume that the expressions for the energy and entropy densities are given by
Then, this result together with (5.12) leads to Notice the undetermined constant A 0 1 has canceled out of the result.
Order -2
The equations of motion are as in the previous sections, but now using the source terms of order 2. These are too long to display here, but can be obtained from the authors at request. For small y all source terms vanish and so we get only the homogeneous equations solutions, namely Then, using (5.12) and the known result [18] 27) together with the expression for η/s found in the previous section, leads to 28) in agreement with (4.6).
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Explicit analytic solutions for {a 2 , b 2 , c 2 } were found in [24] :
where {η, C} are arbitrary parameters. 
For the computation of C we actually need only the asymptotic solution of a
2) and (A.3) we find:
where A 3 must be fixed so it satisfies the boundary condition (3.1).
B Data for computing I [2]W 3
The coefficients Q i in (3.16) are given by:
2)
3) (B.8)
In [15] an expression for f
′ 2 was presented. It is straightforward to integrate it to obtain (imposing the proper boundary condition, i.e., f 2 (v) → 0 as 
We can further use a constraint at the second order (similar to (3.6)) to find
(B.10) 
(B.14) 
